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IMBEDDING ELEMENTS WHOSE NUMERICAL RANGE HAS
If a is an element of a complex unital Banach algebra whose numerical range is confined to a closed angular region with vertex at zero and angle strictly less than n, we imbed a in a holomorphic semigroup with parameter in the open right half plane.
There has been recently a great development in the theory of semigroups in Banach algebras (see [6] ), with attention focused on the relation between the structure of a given Banach algebra and the existence of continuous or holomorphic non-trivial semigroups with certain properties with range in this algebra. The interest of this paper arises from the fact that we relate in it, we think for the first time, this new point of view in the theory of Banach algebras with the already classic one of numerical ranges [2,3]. The proofs of our results use, in addition to some basic ideas from numerical ranges in Banach algebras, the concept of extremal algebra E a {K) of a compact convex set K in C due to Bollobas If a is an element of a unital Banach algebra, the numerical range of a is defined as: 
Lemma 1. Let A be a complex unital Banach algebra, 0^a<7t/2 and aeA such that V(a)<=K x . Then for all teU + and neN we have
Ha"exp(-ta)H< "' .
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Proof. Since V(za) = zV{a), it follows that ReF(za)^0 for |arg z\ ^ (n/2) -a and thus that ||exp(-za)||^l for zeC with |argz|^(7t/2)-a.
Let £>0 and consider the closed disc with centre at t and radius Jcosa, which is contained in the set {z 6 C: |arg z| ^ (7i/2)-a} where the boundedness given above is valid. The proof is concluded by using the Cauchy inequalities for the holomorphic function z->exp( -za). The concept of extremal algebra has its origin in the following well known result of Bollobas [1] .
Theorem 3. Let K be a non empty compact convex set in C. There exists a couple (B, u) where B is a complex unital Banach algebra and u is an element of B such that the closed subalgebra generated by {I, u} is B, and (a) V(u) = K, (b) if A is a complex unital Banach algebra and a is an element in A such that V(a)<^K, the mapping {/,«}-»{/, a} extends to a norm-one continuous homomorphism (obviously unique) from B into A.
A consequence of this theorem is that the couple (B, u) is unique up to isometric isomorphisms. This is the reason why such a couple, or merely its first component, it is known as the extremal algebra of K and it is denoted by E a (K). The element u is called the generator of E a (K). A concrete materialization of E a (K) as an algebra of complexvalued continuous functions on K is due to Crabb, Duncan and McGregor [4] (see also [3, Section 24] ). In this materialization the unit is the constant function equal 1 on K and the generator u is the function z->z from K into C. Henceforth we shall always refer to this concrete realization of E a (K).
Let w,zeC with w different from any negative real number and let us define w z as exp(zlogw) if w=f=0 (where log denotes the principal value of the complex logarithm) and w 2 = 0 if w=0. We obtain as a consequence of the above theorem the following corollary that improves the well known result on the existence of square roots for positive elements in a C*-algebra. 
